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Refractive Index of an anisotropic Quark-Gluon-Plasma medium in an effective
description of hot QCD
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The present investigation involves explorations on the chromo-dielectric properties of the hot
QCD medium produced in relativistic heavy-ion collisions in terms of refractive index. The
anisotropic aspect of the hot QCD medium are incorporated by introducing the anisotropy in a
particular direction. The isotropic/equilibrium modeling is done within an effective quasi-particle
model of hot QCD medium. The possibilities of negative refraction in the medium is also explored
in terms of the Depine-Lakhtakia index in the isotropic case and defining refractive indices in
appropriate directions in the anisotropic case. Interestingly, both anisotropy and medium effects
play significant roles in deciding the optical properties of the hot QCD/Quark-Gluon-Plasma
(QGP) medium.
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I. INTRODUCTION
The hot and dense nuclear matter (Quark-Gluon-
Plasma (QGP)) in relativistic heavy-ion collisions
(RHIC) behaves more like a near perfect fluid rather than
a non-interacting ultra-relativistic gas of quarks (anti-
quarks) and gluons [1–3]. The liquidity of the QGP is
quantified in terms of the collective flow coefficients such
as elliptic flow, v2 and others. The nature of these coeffi-
cients in RHIC as a function of transverse momentum re-
quires the QGP to be a near perfect fluid with very small
value for the shear viscosity to entropy (η/S) (smallest
among almost all the known fluids in nature). Apart from
the collective behavior, quarkonia suppresion and strong
jet quenching [4, 5] are other interesting phenomena as-
sociated with the QGP that highlight its plasma aspects
(reminiscence of color screening and energy loss).
The goal of the present investigations is to understand
plasma aspects of the QGP medium while considering
it as a dielectric one and capturing the related interest-
ing physics aspects such as collective plasma excitations
and the optical properties such as refractive index of the
medium. To understand any medium (say dielectric), the
medium must be exposed to the external fields(i.e., elec-
tric and magnetic fields). Depending upon its response
to the fields, we call it isotropic, anisotropic linear or
nonlinear. Once the response of the medium is known in
terms of the permittivity and the permeability, the prop-
agation of the electromagnetic/ chromo-electromagnetic
waves could be explored in terms of refractive/chromo-
refractive indices of the medium.
In the present manuscript, the chromo-refractive
index for the hot QCD/QGP (isotropic as well as
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anisotropic) medium have been investigated in terms
of the chromo-electric permittivity and the chromo-
magnetic permeability within semi-classical transport
theory. While setting-up linear transport the-
ory, one must have an adequate modeling of the
isotropic/equilibrium (global/local) state of the medium.
As the isotropic/equilibrium state could be described in
terms of interacting QGP equation of state (EoS), ei-
ther computed from lattice QCD or improved HTL (Hard
thermal loop) resummed perturbation theory. To that
end, we employ the quasi-particle description of these
equations of state (EoSs) that maps the effects of inter-
actions in the quasi-gluon and quasi-quark distribution
functions. The starting point is always the computa-
tion of gluon polarization tensor in the hot QCD/QGP
medium either within transport theory with the above-
mentioned distribution functions or within finite temper-
ature field theory and then extract the above-mentioned
responses.
As the momentum anisotropy is present in all the
stages of the heavy-ion collisions, the inclusion of the
anisotropy is inevitable while studying any of the as-
pects of the QGP. This anisotropy could be included
at the level of distribution functions just by extending
the isotropic distribution functions obtained from quasi-
particle model following [6, 7]. The collective plasma
modes within this approach have already been studied
extensively with ideal EoS/leading order HTL in Refs. [8–
12] and for the interacting EoS within a quasi-particle
model in our previous work [13], (for both iso(aniso-
)tropic QGP). The hot QCD/QGP medium effects were
seen to induce significant modifications to the collec-
tive modes. The prime goal here is to define a chromo-
refractive index for the hot QCD medium and search for
possibilities of negative refraction(NR) therein for both
isotropic and anisotropic cases.
There are a few studies in which the refractive index
of weakly as well as strongly coupled plasma have been
2investigated that are discussed below. Earlier, it was
proposed by Veselago [14], that the refractive index may
be negative in some of the materials [15]. Later on, it
was shown [16] that there is a certain probability of the
QGP to have negative refractive index(NRI) for some
frequency(ω) range. Afterwards, there have been various
attempts to study the refractive index using holographic
model for strongly coupled plasma [17–21]. Juan Liu
et al. [22], have studied the refractive index for weakly
coupled plasma within HTL perturbation theory. Since
we are also looking for the chromo-refractive index in
the abelian limit, our analysis is methodologically closer
to [22].
In QCD, the basic mathematical quantity, which is
needed to understand the response functions, is the
gluon polarization tensor. Considering the fact that in
the abelian limit QCD posses the similar features as
QED [23], Jiang et al. [24] studied for the first time the
refractive index of gluon(chromo-refractive index) in the
case of the viscous QGP. They further extended their
study of chromo-refractive index using kinetic theory
with a Bhatnagar-Gross-Krook (BGK) collisional ker-
nel [25]. It is important to note that, in all the above
mentioned approaches, interactions among quarks and
gluons in the QGP medium have not been included
since the analysis assumes the QGP as an Ideal gas
(non-interacting, ultra-relativistic) of gluons and quark-
antiquarks. Here, we have incorporated two important
aspects while investigating the chromo-refractive index of
the QGP medium, viz., the EoS effects (via quasi-particle
description) and the momentum anisotropy. In the con-
text of the refractive index of the QGP, the former is not
yet been included, and the latter is not extensively stud-
ied. As the response of the medium to electric/chromo-
electric and magnetic/chromo-magnetic part is not simi-
lar, based on this asymmetry in the electric and magnetic
sector, the plasma can be classified as magnetizable and
non-magnetizable. Here, main interest is in the magne-
tizable case where in the certain frequency range there is
a possibility for the refractive index to be negative. This
aspect of negative refraction is not seen in the case of
non-magnetizable weakly coupled plasma [22].
The paper is organized as follows. In section II, the
basic formalism for finding the chromo-electromagnetic
responses and the refractive index has been presented
along with the modeling of hot QCDmedium for isotropic
as well as small anisotropic hot QCD medium. Section
III deals with results and discussions. The conclusions
and the possible future extensions of the present work
are offered in Section IV.
II. QGP AS AN OPTICAL MEDIUM
Propagation of color-electromagnetic waves in the
QGP medium treating it as a dielectric medium has
recently been studied in Ref. [22] while defining the
refractive index for the medium. As mentiojed ear-
lier, the present work is the generalisation of[22] for
the QGP medium where the interactions are included
by considering the realistic hot QCD/QGP EoSs in
terms of their effective quasi-particle descriptions. We
will calculate the color refractive index for QGP, while
considering the effective quasi-particle model for hot
QCD/QGP along the lines of [22, 26, 27], via, the
chromo-electric permittivity(ǫ) and the chromo-magnetic
permeability(µ). Before, we compute the chromo-
refractive index let us first discuss in brief the refractive
index and its general aspects in ω − k space.
For a wave propagating in a continuous dielectric
medium, its electric field vector(E) connects the dis-
placement vector(D) through the electric permittivity
tensor(ǫij) and the magnetic field vector(B) can be ex-
pressed in terms of the magnetic field induction(H)
through magnetic permeability tensor(µij) as
Di = ǫij(ω, k)Ej , Bi = µij(ω, k)Hj , (1)
here i, j = 1, 2, 3 are spatial indices, ω is the frequency
and k ≡ k is the propagation vector. In the context
of QGP, a covariant treatment of the these quantities is
required. Therefore, one uses the fluid four-velocity uα
to define the four- fields E˜µ and B˜µ in the Fourier space
as
E˜µ = uαF
µα, B˜µ =
1
2
ǫµραβuρFαβ , (2)
where ǫµραβ is the four-dimensional Levi-Civita symbol
and µ, ρ, α and β are here Lorentz four-indices(not to
confuse with structure functions and chromo-magnetic
permeability). Using the above equation, we can imme-
diately write the field tensor Fµν as,
Fµν = E˜µuν − E˜νuµ − ǫµναβB˜αuβ. (3)
While including the medium effects, the effective action
can be expressed as,
Seff = S0 − 1
2
∫
d4K
(2π)4
Aµ(K)Πµν(K)A
ν(−K) + ..(4)
where Aµ(K) is the soft gauge field in momentum space
and Kµ = (ω, k). The medium effect is character-
ized by the polarisation tensor Πµν(K). Where the free
action(S0) reads,
S0 = −1
2
∫
d4K
(2π)4
[
ǫ0E˜
µ(K)E˜µ(−K)− B˜
µ(K)B˜µ(−K)
µ0
]
.
(5)
Here, ǫ0 and µ0 are the permittivity and permeability of
the free space respectively. In terms of ǫµν and µ, the
effective action can be written as,
Seff = −1
2
∫
d4K
[
ǫµνE˜
µ(K)E˜ν(−K)
− 1
µ
B˜µ(K)B˜
µ(−K)
]
.
(6)
3One can then extract the chromo-electric permittiv-
ity and the chromo-magnetic permeability from the
effective action Seff in terms of polarization tensor
Πµν , which include all the medium effects (compar-
ing Eq. (6) to Eq.(4)). Let us now proceed to the
computation of chromo-refractive index using the re-
sponse functions(ǫ(ω, k), µ(ω, k)) for the isotropic and
anisotropic medium independently.
A. The chromo-refractive index for the hot QCD
medium
As stated earlier, the gluon polarization tensor, Πµν is
required to define the responses. The formalism of Πµν
for interacting EoSs within the quasi-particle description
is a straightforward an extension of [8, 22]. This has been
presented in detail in Ref. [13], and a brief account of that
is presented below before we define the color refractive
index(RI) for the QGP medium. To obtain Πµν in QCD
plasma, we start with an arbitrary particle distribution
function, denoting with fi(p, x) where index i is labeling
the i- th particle. In the abelian limit, the space time
evolution of the distribution function in the medium is
understood from the Boltzmann-Vlasov [28] transport
equation below.
pµ∂µfi − qiFµνpµ ∂fi
∂pν
= C[fi], (7)
where qi is the charge of the plasma species i, and C[fi]
denotes the collision term. We are focusing on the near
equilibrium case which allows us to neglect the effects
from collisions and so C[fi] = 0. The second rank tensor,
Fµν is the chromo-electromagnetic strength tensor which
either represents an external field applied to the system,
or/and is generated self-consistently by the four-currents
present in the plasma, as follows,
∂νF
µν = 4πjµ, (8)
where
jµ(x) = Σiqi
∫
dΓpµfi(p, x), (9)
and
dΓ ≡ d
3p
(2π)3E
. (10)
Eq.(7), can be solved in the linear response approxi-
mation i.e., the equation can be linearized around the
stationary and homogeneous state described by the dis-
tribution f0i (p) which is assumed to be neutral when
there is no current. The distribution function is then
decomposed as:
fi(x) = f
0
i (p) + δfi(p, x), (11)
where
f0i (p)≫ δfi(p, x), (12)
So the induced polarization current will be
jµind(x) = Σiqi
∫
dΓpµδfi(p, x). (13)
A particular enery scale is needed in order to study
the collective behavior(plasma behavior) of hot QCD
medium. We choose to work on the scale where the col-
lective motion in the hot medium first appears. At that
scale, the soft momentum p ∼ gT ≪ T , the magnitude
of the field fluctuations is of the order of A ∼ √gT and
derivatives are ∂x ∼ gT . Note that there have been sev-
eral attempts to understand the collective behavior of hot
QCD medium either within the semi-classical theory or
HTL [29–35] effective theory.
Next, the current, jµ, induced by a soft gauge field,
Aµ can be obtained as follows,
jµind(x) = g
∫
dΓpµδf(p, x). (14)
Where δf(p, x), contains the fluctuating part and given
as
δf(p, x) = 2Ncδfg(p, x) +Nf(δfq(p, x) − δfq¯(p, x)).
(15)
Here δfg(p, x), δfq(p, x) and δfq¯(p, x) are the fluctuating
parts of the gluon, the quark and anti-quark densities
respectively. After solving the transport equations for
the fluctuations δfg and δfq/q¯, we get the induced current
in the Fouruer space as
j′µind(K) = g
2
∫
d3p
(2π)3
uµ∂β(p)f(p)
[
gαβ
− uαKβ
K · u+ iǫ
]
A′α(K), (16)
where ǫ is a very small parameter needed to avoid un-
wanted infinities and will be sent to zero in the end. The
distribution function, f(p) in terms of gluons and quark
distribution functions read,
f(p) = 2Ncfg(p) +Nf(fq(p) + fq¯(p)). (17)
Here, fq/q¯(p) and fg(p) denote the isotropic/equilibrium
quark/antiquark (at zero baryon density, fq ≡ fq¯) and
gluon distribution functions respectively.
In the linear approximation, the equation of motion for
the gauge field can be obtained in Fourier space as,
j′µind(K) = Π
µν(K)A′ν(K). (18)
Here, Πµν(K) = Πνµ(K) and follows the Ward’s identity,
KµΠ
µν(K) = 0, i.e., the self-energy tensor is symmetric
and transverse in nature. From Eq.(16) and Eq.(18) we
can obtain Πµν(K) as
Πµν(K) = g2
∫
d3p
(2π)3
uµ
∂f(p)
∂pβ
[
gνβ − K
βuν
K · u+ iǫ
]
. (19)
4The quantity, uµ ≡ (1, k/|k|) is a light-like vector de-
scribing the propagation of plasma particle in space-time
with the signature, gµν = diag(1,−1,−1,−1).
As mentioned earlier the isotropic modeling of the
medium is done within a quasi-particle description of hot
QCD medium where the medium effects have been en-
coded in the effective gluon and effective quark fugacities
respectively [6, 7]. These fugacity parameters define the
effective gluon and quark/antiquark momentum distri-
bution functions for the isotropic/equilibrated medium.
There are several other quasi-particle models where the
medium modifications are captured in terms of effective
mass for gluons and quarks [36–38]. Others, are NJL and
PNJL based effective models [39], and effective fugacity
quasi-particle description of hot QCD (EQPM) [6, 7] em-
ployed here and recent quasi-particle models based on
the Gribov-Zwanziger (GZ) quantization results leading
to non-trivial IR-improved dispersion relation in terms
of Gribov parameter [40]. The present analysis consid-
ers the EQPM for the investigations on the properties of
the hot and dense medium in RHIC. These quasi-particle
models have shown their utility while studying transport
properties of the QGP [41–46]. In Ref. [47], the ratio
of electrical conductivity to shear viscosity has been ex-
plored within the framework of the effective mass model.
Mitra and Chandra [48] computed the electrical conduc-
tivity and charge diffusion coefficients within EQPM.
In the context of quarkonia phyics [49, 50] and ther-
mal particle production [51, 52] and heavy-quark trans-
port [53, 54] too, the EQPM played an important role.
There are issues with the above approaches while com-
paring the transport coefficients with their phenomeno-
logical estimates [55, 56] from experimental observables
at RHIC. Nevertheless, these quasi-particle approaches
serve the purpose of modeling the equilibrated/isotropic
state of the QGP which is crucial for the transport theory
computations.
Three hot QCD equations of state (EoSs) have been
considered here and described in terms of EQPM. There
are, viz., the (2+1)-flavor lattice QCD EoS [57] at physi-
cal quark mass (LEoS), the very recent (2+1)-lattice EoS
from hot QCD collaboration [58] (LEoSBZ), and the 3-
loop HTL perturbative EoS that has recently been com-
puted by N. Haque et, al. [59, 60] which agrees reasonbly
well with the recent lattice results [58, 61]. The EQPM
serves as the input in terms of the effective quasi-particle
distribution functions (describing of either of the three
EoSs), feq ≡ {fg, fq} (describing the strong interaction
effects in terms of effective fugacities zg,q) as [6, 7]:
fg/q =
zg/q exp[−βEp](
1∓ zg/q exp[−βEp]
) , (20)
here β = 1/T , T is the temperature in energy units.
Ep = |p| for the gluons and
√
|p|2 +m2q for the quark
degrees of freedom (mq denotes the mass of the quarks).
This leads to the dispersion relation,
ωg/q = Ep + T
2∂T ln(zg/q). (21)
One further requires, Debye mass(mD) computed within
EQPM and effective QCD coupling (depicting charge
renormalization) in the medium. To compute these
quatities, we follow our previous works [13, 48] and ref-
erences therein.
1. Response Functions for isotropic hot QCD medium
To obtain the response functions in the isotropic
medium, we first obtain the Πµν for isotropic case
by solving the Eq.(19). For that, we need to con-
struct a covariant form of Πµν analytically by making
the possible combination of available symmetric tensors,
{gµν ,KµKν , uµuν ,Kνuµ + Kµuν}, following [22]. One
of the possible combination to construct Πµν(ω, k) in
isotropic case can be obtained by using,
Pµν = gµν − uµuν + 1
k2
(Kµ − ωuµ) (Kν − ωuν) ,
Qµν =
−1
k2K2
(
ωKµ −K2uµ
) (
ωKν −K2uν
)
. (22)
as
Πµν(ω, k) = ΠT (ω, k)Pµν +ΠL(ω, k)Qµν , (23)
where ΠT (ω, k) is the transverse and ΠL(ω, k) is the lon-
gitudinal part of the self-energy. Using the following con-
tractions,
(gµν − uµuν)Πµν(ω, k) = 2ΠT (ω, k) + (1 + k
2
K2
)ΠL(ω, k)
(24)
and
uµΠ
µνuν = −ΠL(ω, k) k
2
K2
(25)
The form of ΠT (ω, k) and ΠL(ω, k) can be obtained as
follows:
ΠT (ω, k) =
m2D
2
ω2
k2
[
1− ω
2 − k2
2ωk
log
ω + k
ω − k
]
(26)
ΠL(ω, k) = m
2
D
(
1− ω
2
k2
)[
1− ω
2k
log
ω + k
ω − k
]
(27)
For real valued ω, ΠT (ω, k) and ΠL(ω, k) are real for all
ω > k and complex for ω < k. Since for the real valued
ω the quantity inside the log is give as
log
(
ω + k
ω − k
)
= log
(∣∣∣∣k + ωk − ω
∣∣∣∣
)
− iπΘ(k − ω) (28)
5where Θ is the heavyside theta function. Them2D is given
as [13, 62],
m2D = −4παs(T )
(
2Nc
∫
d3p
(2π)3
∂pfg(p)
+2Nf
∫
d3p
(2π)3
∂pfq(p)
)
, (29)
where, αs(T ) is the QCD running coupling constant at
finite temperature [63] and described in detail in the con-
text of EQPM in [48].
In the case of isotropic medium, using the gluon self-
energy, one can obtain the chromo-electric permittivity
and the chromo-magnetic permeability from Eq.(6) as:
ǫµν(ω, k) = ǫ(ω, k)gµν = (1− ΠL(ω, k)
K2
)gµν , (30)
1
µ(ω, k)
= 1 +
K2ΠT (ω, k)− ω2ΠL(ω, k)
k2K2
. (31)
Substituting the self-energy from Eq.(26) and Eq.(27)
into Eq.(30) and Eq.(31) we obtain
ǫ(ω, k) = 1 +
m2D
k2
(
1− ω
2k
log
ω + k
ω − k
)
(32)
and
µ(ω, k) =
4k4
4k4 + 6m2Dω
2 +m2D(k
2 − 3ω2)ωk log ω+kω−k
.
(33)
For isotropic medium, if the phase velocity of light is
much larger than the thermal velocity of plasma particles,
the spatial dispersion is small, and ǫ(ω, k) and µ(ω, k)
can be assumed to be independent of k or equivalently
we can perform ǫ(ω, k) and µ(ω, k) expansion at k ≈ 0.
Performing small k-expansion to Eq.(32) and (33), we get
respectively ǫ(ω) and µ(ω) as:
ǫ(ω) ≈ 1− m
2
D
3ω2
+O(k2), (34)
µ(ω) ≈ 1
1− 2m2D15ω2
+O(k2). (35)
2. Response Functions for anisotropic hot QCD medium
To describe the anisotropic hot QCD medium, we
follow the approach of [8, 22]. In these approaches,
the anisotropic momentum distribution functions for the
gluons and quark-antiquarks are obtained by rescaling
(stretching and squeezing) of only one direction in mo-
mentum space function as:
fξ(p˜) = f(
√
p2 + ξ(p · nˆ)2) (36)
This introduces one more degree of freedom, viz. , the di-
rection of anisotropy, nˆ with nˆ2 = 1. The anisotropy pa-
rameter ξ can be adjusted to reflect either squeezing(ξ >
0) or stretching(−1 < ξ < 0) of the distribution in the nˆ
direction. Choosing, ξ = 0 will bring us back to the case
of isotropic medium.
Next, performing the change of variables (|p˜| ≡√
p2 + ξ(p.nˆ)2) in Eq.(19), we get
Πµν(ω, k) = −m2D
∫
dΩ
4π
ui + ξ(u.nˆ)nˆi
[1 + ξ(u.nˆ)2]2
uµ
(
gνi
− K
iuν
K · u+ iǫ
)
. (37)
Again, a tensor decomposition of Πµν(ω, k) for an
anisotropic system is possible to develop in which there
is only one preferred direction i.e., the direction of
anisotropy, nˆ.
Πµν(ω, k) = αPµν + βQµν + γRµν + δSµν , (38)
where Pµν and Qµν is same as defined earlier while Rµν
and Sµν are defined as:
Rµν =
n˜µn˜ν
n˜2
Sµν = Kµn˜ν +Kνn˜µ − K
2
ω
(uµn˜ν + uν n˜µ) (39)
The scalar quantities (structure functions), α, β, γ and δ
can be obtained using the following contractions of Πµν :
α = (Pµν −Rµν)Πµν , β = QµνΠµν
γ = (2Rµν − Pµν)Πµν , δ = − ω
2
2K2k2n˜2
SµνΠ
µν (40)
Where kˆ · nˆ = cos θn, n˜µ = Pµνnν and nν = (0, nˆ).
Note that, all of the four structure functions depend on
mD, ω, k and ξ. In the limit of vanishing strength of
the anisotropy, ξ → 0, the structure functions α and
β reduce to the isotropic hard-thermal-loop self-energies
while γ and δ go to zero.
αiso(ω, k) = ΠT (ω, k), βiso(ω, k) = ΠL(ω, k)
γiso(ω, k) = 0, δiso(ω, k) = 0 (41)
Using the gluon self energy Πµν(ω, k), in Eq.(6) for the
anisotropic hot QCD/QGP medium, the chromo-electric
permittivity and the chromo-magnetic permeability can
be obtained as
ǫµν(ω, k) = (1− β
K2
)gµν − 1
ω2
(
γ
n˜µn˜ν
n˜2
+δ(Kµn˜ν +Kν n˜µ)
)
, (42)
1
µ(ω, k)
= 1 +
K2α− ω2β
k2K2
. (43)
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FIG. 1: (color online)Re(ǫ)(left panel) and Im(ǫ)(right panel) are plotted for various EoSs at ξ = 0, Tc = 0.17GeV
and T = 0.25GeV .
In the anisotropic medium there are two polarization
state of chromo-electric field, denoted as, the left-handed
and right-handed polarized state. The chromo-electric
permittivity is then seperately defined for each state as:
ǫL = 1− β
K2
, (44)
ǫR = 1− β
K2
− γ
ω2
. (45)
Whereas in the limit of small anisotropy, it is possible
to obtain analytic expressions of the structure functions
order by order in ξ. In the linear order approximation in
ξ, the structure functions are given as,
α(ω, k) = ΠT (ω, k) + ξ
[
ω2
12k2
(3 + 5 cos 2θn)m
2
D
−1
6
(1 + cos 2θn)m
2
D +
1
4
ΠT (ω, k)
(
(1
+3 cos 2θn)− ω
2
k2
(3 + 5 cos 2θn)
)]
,
(46)
β(ω, k) = ΠL(ω, k) + ξ
[
1
6
(
ω2
k2
− 1)(1 + 3 cos 2θn)m2D
+ΠL(ω, k)
(
cos 2θn − ω
2
2k2
(1 + 3 cos 2θn)
)]
,
(47)
γ(ω, k) =
ξ
3
(3ΠT (ω, k)−m2D)(
ω2
k2
− 1) sin2 θn. (48)
For real valued ω the structure functions are real for all
ω > k and complex for ω < k. For imaginary values
of ω, all four structure functions are real. Since all the
structure constants depend on the Debye mass(mD), any
modification in Debye mass will modify all of them.
In the small-k expansion the response functions are
given as,
ǫL ≈ 1− m
2
D
3ω2
+ ξ
m2D
10ω2
(1 − 1
3
cos 2θn) +O(k2),
(49)
ǫR ≈ 1− m
2
D
3ω2
+ ξ
m2D
15ω2
+O(k2) (50)
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FIG. 2: (color online)Re(µ)(left panel) and Im(µ)(right panel) are plotted for various EoSs at ξ = 0, Tc = 0.17GeV
and T = 0.25GeV .
and
µ ≈ 1
1− 2m2D15ω2 − ξ
m2
D
15k2 cos
2 θn
+O(k2). (51)
B. Description of Negative Refractive Index(NRI)
The refractive index(n) is formally defined by elec-
tric permittivity and magnetic permeability as n =√
ǫ(ω, k) µ(ω, k), but the quadratic nature of such a
definition implies that it is not sensitive to the sign
of ǫ(ω, k) and µ(ω, k). It was proposed by Veselago
[14] that the simultaneous change of sign of ǫ(ω, k) and
µ(ω, k) corresponds to a cross over between different
branches of the square root, from n =
√
ǫ(ω, k) µ(ω, k)
to n = −
√
ǫ(ω, k) µ(ω, k), or from the positive refrac-
tive index to the negative one. Next, if the medium is
dissipative, the ǫ and µ, and hence the n, are complex
quantities. The condition for the NRI both in isotropic
and anisotropic QGP is as follows. Whenever, Im (µ)
and Im (ǫ) vanish and both Re (µ) and Re (ǫ) are nega-
tive simultaneously, in a certain frequency range, in this
case, NRI can be realised in the medium. In the follow-
ing discussion, we shall see that for the isotropic medium
the sign of ǫ(ω, k) and µ(ω, k) have a significant physical
implication.
Note that the phase velocity is defined by,
vp =
1
Re(n)
kˆ = vpkˆ (52)
whose sign is the same as that of Re(n). But the direction
of the energy flow or the Poynting vector is not affected
by the sign of ǫ and µ. In a medium with small dissipa-
tion, the direction of the energy flow coincides with that
of the group velocity,
S = vgU kˆ. (53)
where U is a positive time-averaged energy density and
vg = dω/dk. If we have a negative phase velocity, the
direction of the phase velocity can be opposite to the
energy flow or the group velocity (i.e., the direction of
phase velocity can be radially inward and the direction
of energy flow can be radially outward or vice-versa).
vp < 0, vg > 0. (54)
This condition works well for the isotropic expansion of
the medium as there is a spherical symmetry but does not
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FIG. 3: (color online)Re(n)(left panel) and Im(n)(right panel) are plotted for various EoSs at ξ = 0, Tc = 0.17GeV
and T = 0.25GeV .
0.0 0.2 0.4 0.6 0.8 1.0 1.2
ω/mLOD (T)
−2
−1
0
1
2
n
D
L
Tc =0. 17, T=0. 25, k=0. 2
nLODL
n2+ 1DL
nHTLptDL
nLBDL
0.0 0.2 0.4 0.6 0.8 1.0 1.2
ω/mLOD (T)
−2
−1
0
1
2
n
D
L
Tc =0. 17, T=0. 25, k=0. 4
nLODL
n2+ 1DL
nHTLptDL
nLBDL
FIG. 4: (color online) nDL is plotted for different k at ξ = 0, Tc = 0.17GeV and T = 0.25GeV for various EoSs.
holds good for the anisotropic case because of the absence
of spherical symmetry. Therefore, from the criterion of
the anti parallelism of the phase velocity and the energy
flow, a better condition for the isotropic medium has been
derived for the NRI, called the Depine-Lakhtakia index
(nDL) [15],
nDL = |ǫ(ω, k)|Re(µ(ω, k)) + |µ(ω, k)|Re(ǫ(ω, k)). (55)
Whenever nDL < 0, we have NRI region and also the
directions of the phase velocity and the energy flow are
opposite. This is seen to be a better indicator for the
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NRI in the medium that we have also investigated for
the isotropic medium.
III. RESULTS AND DISCUSSIONS
In this section, we shall discuss the results shown in
different plots. We have plotted various quantities (ǫ,
µ, n, etc) with respect to ω/mLOD (T ) at different val-
ues of k but fixed temperature(T = 0.25GeV). This par-
ticular scaling is chosen to visualise the effects of hot
QCD medium interactions. For smaller values of ω (when
ω . k) the numbers are quite overlapped, but the dif-
ference in the numbers can be seen for the intermediate
frequencies. One could easily observe that the results are
again merging for the higher values of ω in all the cases.
As the medium is dissipative, it is not only real part
of chromo-electric permittivity, chromo-magnetic perme-
ability and the chromo-refractive index are contributing,
but the imaginary parts are also present. Initially, we
shall discuss the results for isotropic cases, and later on,
we shall describe the anisotropic medium in the small
anisotropic limit, ξ = 0.3. Note that, In all the figures
legends, we denote LEOS as 2 + 1, LEOSBZ as LB and
3-loop HTLpt as HTLpt and Ideal EoS as LO.
In Fig. 1 (upper panel), we have plotted the real(left)
and the imaginary(right) part of chromo-electric permit-
tivity (ǫ(ω, k)) using Eq.(32) for k = 0.2. One can ob-
serve that there is fall in Re(ǫ) from a positive value to
negative value at ω ≈ k and then it is negative for a cer-
tain range of frequency. The Im(ǫ) contributes only for
the frequency range 0.0 6 ω 6 k. In order to check the
variation due to change in k, we have plotted the same
quantities also in Fig. 1(lower panel), for k = 0.4. We
have observed that the frequency range for the negative
Re(ǫ) is somewhat reduced now. The values of Im(ǫ)
became smaller and hence the medium for k = 0.4 com-
paratively is less dissipative than that for k = 0.2.
Similarly, in Fig. 2 (upper panel), we have plotted
the real(left) and the imaginary(right) part of chromo-
magnetic permeability,(µ(ω, k)) for k = 0.2. For the
plots, we can see that there is a pole in Re(µ), at a
frequency ω = ωmp, where ωmp is a very long expres-
sion and not needed to put here but in the small k-
expansion(Eq.(35)) it can be clearly seen that ωmp =√
2/15mD(T ). This pole was not there in the Holo-
graphic treatment of strongly coupled plasma [18–21].
When k 6 ω 6 ωmp, the real part of chromo-magnetic
permeabilty is negative. For the higher frequencies ı.e.,
ω > ωmp, Re(µ) is positive. The imaginary part of
chromo-magnetic permeability, (Im(µ)) is contributing
only from ω = 0.0 to ω = k and hence the medium is
dissipative in this range for the chromomagnetic field.
Again in order to observe the variation in the results
due to change in k, we have plotted Re(µ) and Im(µ) in
Fig. 2(lower panel), at k = 0.4. One can see that the
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FIG. 7: (color online)Re(ǫL)(left panel) and Im(ǫL)(right panel) are plotted for various EoSs at ξ = 0.3,
Tc = 0.17GeV and T = 0.25GeV .
range in which the real part of chromo-magnetic perme-
ability was negative became comparatively narrow and
also the medium became comparatively less dissipative
for the chromo-magnetic field.
The chromo-refractive index, n, is formally defined as√
ǫ µ. Using ǫ and µ discussed above, we have plotted
real and imaginary part of n, with respect to ω/mLOD (T ),
in the left and right panels of Fig. 3. It is easy to observe
that for the frequency range 0.0 6 ω 6 k, both the Re(n)
as well as Im(n) are positive. At ω = k, there is a fall
from positive values to the negative values in Re(n). In
the range k 6 ω 6 ωmp , the real part of n is negative,
and the imaginary part of n is zero. In this frequency
range, n is negative while the medium is not dissipa-
tive for the chromo-electromagnetic waves. In the region
ωmp 6 ω 6 ωp(where in the small k-expansion(Eq.(34))
ωp =
√
1/3mD(T ) for all mD(T )), Im(n) is positive but
Re(n) is zero. In this frequency range the medium is
opaque for chromo-electromagnetic waves. For the fre-
quencies ω > ωp, Im(n) is zero and Re(n) is positive and
hence we have normal color refraction which is reach-
ing towards the unity for higher values of ω. Here one
can easily observe from the comparison of the upper and
lower panel of Fig. 3, that the frequency range where
Re(n) 6 0, is contracted for k = 0.4 as compared to
k = 0.2.
In Fig. 4, we have plotted Depine and Lakhtakia index
(nDL) to get a better overview of negative refraction re-
gions for the isotropic medium. It can be clearly observed
that for the samller frequencies ω 6 k the refractive in-
dex is positive. In the frequency range (k 6 ω 6 ωmp)
both Re(ǫ) and Re(µ) are negative and hence the re-
fractive index, nDL, is negative. In the frequency range
ωmp 6 ω 6 ωp), nDL = 0.0. For higher values of ω (i.e.,
ω > ωp ) value it nDL is positive and is approaching to
unity.
In order to have a comparative study of Re(n), Im(n)
and nDL for the isotropic medium, we have plotted all
three together in Fig. 5. What we have observed is that in
the frequency range when ω < k, both Re(n) and Im(n)
are positive which means the refraction is positive. One
can verify that in the same range nDL is also positive.
For the frequencies k 6 ω 6 ωmp, nDL and Re(n) are
negative while Im(n) is zero and hence this is the region
for negative refraction. For ωmp 6 ω 6 ωp, nDL = 0
and Re(n) = 0 while Im(n) > 0 and medium is highly
dissipative and opaque for the chromo-electromagnetic
waves. For ω = ωp and onwards nDL and Re(n) are
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FIG. 8: (color online)Re(ǫR)(left panel) and Im(ǫR)(right panel) are plotted for various EoSs at ξ = 0.3,
Tc = 0.17GeV and T = 0.25GeV .
positive while Im(n) = 0 i.e., we have a normal chromo-
refractive index.
In Fig. 6, we have plotted the real and imaginary part
of n along with nDL using expression of ǫ and µ expanded
in small-k limit, shown in Eq.(34) and in Eq.(35) respec-
tively. Here we found that the Re(n) and nDL are nega-
tive for the frequencies ω 6 ωmp while Im(n) is zero and
so the chromo-refractive index is negative. In the fre-
quency range ωmp 6 ω 6 ωp, only the Im(n) contributes
and hence the medium is opaque as well as highly dissi-
pative. For higher ω(i.e., ω > ωp ), we have normal color
refraction.
The frequency(ω) range for the isotropic hot
QCD/QGP medium where the chromo-refractive index
is negative is found to be [k, ωmp]. As said earlier, this
region is opaque for the chromo-electromagnetic waves.
The most important point is that this gap is proportional
to mD(T ). Because of this we can see in Fig.-3, 5 and
6 that the gap is reduced in the case of other EoSs as
compared to LO. In fact, these mD(T )’s are the func-
tions of temperature(T ). Since we are taking a constant
temperature (T = 0.25GeV ) in all the cases, the vari-
ation with respect to temperature is not observed here.
Only the interaction effects using different EoSs which
are modifying the Debye mass(mD(T )) are shown.
To understand the same properties for anisotropic hot
QCD/QGP medium, we have repeated the analysis while
considering the anisotropy in a particular direction(nˆ)
and plotted the results for the anisotropic strength ξ =
0.3.
In Fig. 7, we have plotted the real part(left) and the
imaginary part(right) of (ǫL) using Eq.(44) for k = 0.2
and k = 0.4, in the upper and lower panels respectively.
One can observe that there is fall in Re(ǫL) from posi-
tive value to the negaitive value at ω ≈ k and then it is
negative for a certain range of frequencies. The Im(ǫ) of
contributes only for the frequency range 0.0 6 ω 6 k.
In the case when k = 0.4, the medium is less dissipa-
tive and the frequency range for the negative Re(ǫ) has
been reduced as compared to the case when k = 0.2.
Here, though the pattern is similar but the numbers
are slightly smaller as compared to the isotropic case.
In Fig. 8, we have plotted ǫR, in the same way, using
Eq.(45). Here, the pattern is slightly different as com-
pared to the isotropic case. Both the Re(ǫR) and Im(ǫR)
are initially negative. Then there is a small region where
they are positive. This region is comparatively wide for
k = 0.4. After that they also follow the similar pattern
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FIG. 10: (color online)Real and imaginary part of nL are plotted for different k at ξ = 0.3, Tc = 0.17GeV and
T = 0.25GeV for various EoSs.
as it was the isotropic case. Similarly, in Fig. 9, we have
plotted for anisotropic medium the real and the imagi-
nary part of chromo-magnetic permeability(µ(ω, k)) for
k = 0.2(upper panel) and for k = 0.4 (lower panel). Here
also, we have found the similar pattern as we got in the
case of isotropic medium but the numbers are slightly
different due to the effect of anisotropy. We have de-
fined the chromo-refractive index, nL for the left-handed
state as
√
ǫL µ and plotted the Re(nL) and Im(nL) in
Fig. 10. Since we got the similar pattern of ǫL and µ ,
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FIG. 11: (color online)Real and imaginary part of nR are plotted for different k at ξ = 0.3, Tc = 0.17GeV and
T = 0.25GeV for various EoSs.
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FIG. 12: (color online)Real and Imaginary part of RI(nL)(upper panel) and RI(nR)(lower panel) are plotted for
various EoSs at ξ = 0.3 Tc = 0.17GeV and T = 0.25GeV in the small k limit.
the results coming from nL are also follwoing the similar
pattern with a slightly different values as compared to
the isotropic one. In Fig. 11, we have plotted the Re(nR)
and Im(nR) where we define the chromo-refractive in-
dex, nR for right handed state as
√
ǫR µ. This time we
got a slightly different pattern because of the change in
pattern of Re(ǫR) and Im(ǫR). Here the Re(nR), is pos-
itive while Im(nR), is negative initially for the smaller
values of ω. Then for a small range frequency where
both are positive. Afterward, it follows the same pattern
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as the isotropic one with slightly different numbers. In
Fig. 12, we have plotted the real and imaginary part of
anisotropic n using expression of ǫL , ǫR and µ expanded
in small-k limit, shown in Eq.(49),(50) and (51) respec-
tively. In the anisotropic case, µ in small-k expansion ios
having k-dependence as shown in Eq.(51) but this depen-
dence is not very strong as one can see in the Fig. 12 (left
and right panels). Since the anisotropic strength is not
very strong, these nL and nR are following the similar
pattern as it was there in the isotropic case. The effects
from EoSs as compared to leading order are quite visible
for smaller values of frequency while they are not very
different for the larger values.
In the small anisotropic case(ξ = 0.3) as compared to
the isotropic one, the only dissimilarity in the pattern is
found for the right-handed polarized state. While for the
left-handed polarized state the patterns are quite simi-
lar. Finally, EoSs effects are clearly visible for certain
frequency ranges. This helps in distinguishing the vari-
ous EoSs employed for modeling the QGP through the
EQPM.
IV. SUMMARY AND CONCLUSIONS
In conclusion, chromo-electromagnetic response func-
tions of the QGP in the static limit have been inves-
tigated and their implication in understanding the di-
electric properties of the hot QCD/QGP medium. In
our approach, the hot QCD medium interactions are in-
cluded exploiting the quasi-particle description of the hot
QCD equations of state either computed within recent
lattice QCD methods or 3-loop HTL perturbation the-
ory. Realization of the hot QCD medium as an optical
medium with the refractive index, we observe that in cer-
tain regions in frequency, ω, the refractive index could be
negative. In this context, we defined Depine-Lakhtakia
index for the isotropic medium and studied its behavior
in detail to probe the directions of energy flow there. On
the other hand for the anisotropic case depending on the
direction of the anisotropy, we have two independent re-
fractive indices. The possibility of negative refraction in
the anisotropic case turned out to be quite tricky. Defin-
ing the Depine-Lakhtakia index is perhaps not a very
viable way to understand this very crucial phenomenon.
Nevertheless, we have to look at regions where both ǫ and
µ are negative keeping in mind the strength and direction
of the anisotropy.
In all the cases, be it ǫ or µ and respective refractive
indices, get significant contributions from the hot QCD
medium effects as compared to the case when QGP is
approximated as the ideal system (noninteracting ultra-
relativistic gas of quarks, antiquarks and gluons) and the
anisotropy plays crucial role too.
An immediate future extension of the work would be
to include the contributions from the collisional kernel
and collectivity and near perfect fluidity of the hot QCD
medium/QGP and study its impact on collective plasma
properties and refractive index. Equally importantly, ob-
taining an expression for the inter quark potential in this
medium and its phenomenological aspect, polarization
energy loss in the hot QCD medium will be a few other
interesting directions where our future investigations will
focus on.
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